Abstract: An explicit connection has been provided between the semi-classical dynamics of anyon excitations in Ga-As alloys and the motion of a 2 + 1-dimensional spinning particle (or anyon) in electromagnetic field in the Non-Commutative (NC) geometry framework. The Berry curvatures play a major role in the analysis. It is also established that the bulk parameters of the former can be mapped to the point particle properties of the latter in a consistent way, giving rise to new observational possibilities.
In this work we wish to draw a parallel between the semi-classical dynamics of anyon excitations in Ga-As alloys and the motion of 2 + 1-dimensional spinning particles (or anyons) in electromagnetic field in the Non-Commutative (NC) geometry framework. The connection is through Berry curvatures appearing in both the approaches. We show that the bulk parameters of the former can be mapped to the point particle properties of the latter, in a consistent way.
In recent times, the concept of Berry phase [1] has penetrated the Condensed Matter arena. It has initiated a unifying theme of explaining and predicting various physical phenomena of apparently distinct nature, e.g. Anomalous Hall Effect in ferromagnets [2] , Spin Hall Effect in paramagnetic materials [3] , existence of magnetic monopole (in momentum space) [4] , Hall Effect of light [5] , photon-gravitation interactions [6] etc. to name a few, within a single framework. The semi-classical analysis of Bloch electrons in solid in the presence of external electromagnetic fields, pioneered by Chang and Niu [7, 8] , has revealed the role of intrinsic Berry curvature in Bloch bands. This has led to an intuitive understanding of the anomalous velocity of electrons and change in the density of states of electrons in Anomalous Hall Effect in a precise way [9] . The Berry phase naturally affects the Einstein-Brillouin-Keller (EBK) semi-classical quantization condition as well [7] . In the present Letter, we aim to pursue this idea in a new area: Anyonic excitations in Ga-As heterostructures, with broken time reversal symmetry that can support non-trivial Berry curvature, where experimental findings on anyon are reported [10] . The relevance of anyons in Fractional Quantum Hall Effect is well-known [11] and their signatures in the form of fractional charge and statistics have been reported [10] in Ga-As alloys.
The novelty of our scheme is the following. We study the anyon dynamics from existing models [12, 13, 14] of free relativistic anyons in the presence of external electromagnetic field. This is quite different from the behavior of a point charge. We interpret this system as an effective model of semi-classical dynamics of anyon excitations in the Ga-As alloy. We demonstrate the clear analogy between our results and physical properties of Ga-As alloy such as Anomalous Hall conductivity. In a quantitative way we also show that new results, such as value of anyon spin and its gyromagnetic ratio in a solid can be predicted.
In general, the (multi-component) vectorial structure of the wavefunction of the effective excitation such as Bloch electron or photon, associated with the particle spin, plays a vital role in all the Berry curvature studies [8] . Anyons possess arbitrary spin [11] and, conforming to the above idea, this makes them a prime candidate in Berry phase study. Indeed, an analogue of the Dirac equation, to describe a free relativistic anyon, has been formulated [15] that requires an infinite component wavefunction.
On the other hand, geometric effects can also manifest itself in an algebraic setting: the NonCommutative (NC) spacetime. So far effects of NC spacetime have been studied mostly in the context of High Energy Physics [16] . As we will mention, the effective structure of spacetime for anyon is NC in nature and hence, through our work, in Condensed Matter Physics, NC spacetime effects explain physical properties of matter having anyon excitations [10, 11] . There is a natural and consistent relation between the parameters of our model (e.g. spin, mass and gyromagnetic ratio) with those of the bulk system (e.g. magnetic length, filling fraction) [17] . The interesting connection between NC spacetime (or phase space, in more general context) and Berry curvature effect was demonstrated recently in [18] , in the context of momentum space singularity in Anomalous Hall effect [4] .
Thus, we will follow the above idea and instead of exploiting the multicomponent anyon wavefunction of [15] , we will employ the alternative model of anyon: the spinning particle model [12, 13, 14] . In this model the anyon wavefunction is a single component scalar and the arbitrary spin is induced by the underlying NC configuration spacetime of anyon. The NC parameter appears as the anyon spin. The non-Abelian nature of the U(1) gauge theory in NC spacetime has already been noticed [16] . We find its echo in the Condensed Matter scenario where the Berry gauge field assumes a non-Abelian character. Lastly, we note that the Berry curvature in mixed position-momentum space, (first highlighted in [19] ), plays an important role in determining the anomalous velocity. Let us outline our approach. We start by studying the dynamics of anyons in an external constant electromagnetic field (E 1 , E 2 , B) in 2 + 1-dimensions. We will restrict ourselves to the lowest non-trivial order in the electromagnetic coupling e and consider a generalized anyon model [14] with arbitrary gyromagnetic ratio g. In these anyon models [12, 13, 14] the spin tensor S µν is not independent, S µν = sǫ µνλ p λ / √ p 2 where s and p µ are the arbitrary spin parameter and momentum respectively. Hence spin operators can always be replaced by momentum operators and spin effects, e.g. in equations of motion, derived using the NC phase space algebra), are identified through the parameter s. This phenomenon is at the heart of the Berry phase interpretation in Born-Oppenheimer scenario: the dynamics of the "slow" momentum variable is modified by spin, the "fast" variable. General framework: The anyon phase space variables (r µ , p µ ) are the covariant physical degrees of freedom. But, as mentioned above, they obey an NC algebra that reduces to the canonical phase space Poisson brackets for s = 0. Because of this (r µ , p µ ) can not be used directly in the EBK quantization scheme or in the identification of the Berry potentials. However, one can "solve" the NC algebra in terms of a canonical (Darboux) set of variables
The set (R µ , P µ ) can be used in the EBK framework. From the mapping between (r µ , p µ ) and (R µ , P µ ) the all important Berry potentials A p µ , A r µ can be simply read off [8] . However, to compare with experiments, we have to finally reexpress the results in terms of (r µ , p µ ). Explicitly, the Darboux transformation, Berry potential and curvature components Ω rp µν etc. are defined as in [8] ,
The other curvature components follow in an obvious way. Notice that the NC phase space requires a more general definition of the curvature than the one prescribed in [8] , apart from the non-abelian [A r , A p ] commutator term. The Hamiltonian equations of motion are,
where G is generator of (relativistic) time evolution. The EBK quantization condition is straightforward in terms of Darboux coordinates:
where j is an integer and ν the Maslov index. In terms of (r µ , p µ ), the physical variables, (3) read,
where geometric part of ϕ = ( A r .d r + A p .d p) is generally termed as the Berry phase. Anyon model: After discussing the general setup we now turn to the particular case at hand. The anyon dynamics is governed by the following generator G [14] and O(e) NC phase space brackets [12, 13, 14] :
where
, the metric is g 00 = −g ii = 1 and
With this algebra (6) , the Lorentz generator J µ that transforms r µ , p µ correctly, contains a spin-part [12, 13] ,
and is structurally very similar to the angular momentum defined by Murakami et.al. in [2] . The Darboux coordinates (R µ , P µ ) to O(e) are computed by exploiting the relations derived in [12] and we obtain,
and the Berry potentials are introduced. Explicit forms of the potentials are,
Thus the Berry curvatures induce the NC brackets:
It should be noted that external F µν are also included in our definition of the curvature Ω µν . e = 0 and es-terms yield the purely intrinsic part and spin-dependent part respectively in the curvature. Clearly, even to O(e), the commutator terms [A µ , A ν ] are non-zero which shows the non-Abelian nature of the curvature. In our formalism, this is due to the underlying NC geometry (6, 11) . Next we derive the equations of motion (see also [14] ):
Notice that in the anomalous (or non-canonical) part of the velocity equation, the g-term comes from the Hamiltonian and the rest is contributed by the coordinate-momentum mixed curvature Ω rp whereas the canonical Lorentz force equation is induced by Ω rr . Discussion: Let us now discuss the significance of our results. In the Berry phase contribution, the intrinsic term (in the non-relativistic limit),
will modify the energy spectra [7] and density of states [9] of the excitation. Indeed, there are further spin-orbit (es) contributions in ϕ as well, that can be generated from (9, 10) . From the equations of motion, in the non-relativistic limit, we get,
where the last term is the anomalous velocity component. On the other hand, coming to the Hall effect considerations, we rewrite the velocity equation in (14) in the form,
where the O(1/m 4 ) term is dropped. There is a correction in the mass and the last term signifies Hall motion since it induces a velocity, transverse to the Electric field. For E = (E x , 0) we finḋ
Clearly the Hall conductivity is given by [17] 
Here, e * can be considered as the efective (or fractional) charge. The parameter ν is the intrinsic Berry phase (13) and as expected it also appears in the intrinsic NC coordinate algebra: [x 1 , x 2 ] = is/m 2 ∼ iν and following [17] it can be identified as the "magnetic length". Hence, as we set out to demonstrate, the Hall conductivity σ xy is given by the Berry curvature.
Similarly we can estimate the spin Hall conductivity to be,
Typically, | p| appears as the Fermi momentum (see Murakami et.al. in [2] ). From the experimental observations of fractional charge and Hall conductivity, it is possible to obtain values of s and g which are anyon parameters. This is a new observation. Conclusion: We have studied the relativistic anyon dynamics and have shown that in the non-relativistic regime, they can simulate the Hall motion of anyon excitations in ferromagnetic semiconductors. The connection is through the Berry curvature present in both the frameworks. Consistent mapping of the two sets of parameters of the two models suggests new experimental observations.
